Abstract. We conjecture a formula for the virtual elliptic genera of moduli spaces of rank 2 sheaves on minimal surfaces S of general type. We express our conjecture in terms of the Igusa cusp form χ 10 and Borcherds type lifts of three quasi-Jacobi forms which are all related to the Weierstrass elliptic function. We also conjecture that the generating function of virtual cobordism classes of these moduli spaces depends only on χ(O S ) and K 2 S via two universal functions, one of which is determined by the cobordism classes of Hilbert schemes of points on K3. We present generalizations of these conjectures, e.g. to arbitrary surfaces with p g > 0 and b 1 = 0.
Introduction
Denote by S a smooth projective complex surface with b 1 (S) = 0. For a polarization H on S, denote by M := M H S (r, c 1 , c 2 ) the moduli space of rank r Gieseker H-stable torsion free sheaves on S with Chern classes c 1 ∈ H 2 (S, Z) and c 2 ∈ H 4 (S, Z). Suppose there are no rank r strictly Gieseker H-semistable sheaves with Chern classes c 1 , c 2 . Then M H S (r, c 1 , c 2 ) is projective. Moreover it has a perfect obstruction theory, which was studied by T. Mochizuki in his theory of algebraic Donaldson invariants [Moc] . The virtual tangent bundle T vir of M is given by
where E denotes the universal sheaf on M × S, π M : M × S → M is projection, and (·) 0 denotes the trace-free part. 1 Therefore we have a virtual cycle [M] vir of degree vd(M) = 2rc 2 − (r − 1)c 2 1 − (r 2 − 1)χ(O S ).
The first topic of this paper are the virtual elliptic genera Ell vir (M). Virtual elliptic genera of schemes with perfect obstruction theory were introduced by the first author and B. Fantechi in [FG] . They are defined as follows. Denote by K 0 (M) the K-group generated by locally free sheaves on M. For any rank r vector bundle V on M
These definitions extend to complexes in K 0 (M) by setting Λ t (−V ) = Sym −t V and Sym t (−V ) = Λ −t V . The virtual elliptic genus, which refines the complex elliptic genus [Hir, Wit, Kri] , is defined as 1 Although E may only existétale locally, Rπ * RHom(E, E) 0 exists globally [HL, Sect. 10.2] . 
and Ω p,vir M := Λ p T vir∨ . See [FG] for the definition of χ vir (M, ·). In order to formulate our first conjecture, we recall notions from the theory of modular forms. See [Kaw, EZ, Lib] and references therein.
Siegel modular forms. The ring of modular forms for SL(2, Z) is C[G 4 , G 6 ]. For any even k ≥ 2, G k denotes the Eisenstein series of weight k. It has the following expansion in q = e 2πiτ
J. Igusa found generators for the ring of Siegel modular forms of genus 2 [Igu1, Igu2] . One such generator is the Igusa cusp form of weight 10 denoted by χ 10 , which is a function of
which takes values in the (genus 2) Siegel upper half plane H 2 . We set i := √ −1 and p := e 2πiσ , q := e 2πiτ , y := e 2πiz .
Weak Jacobi forms. We recall that the ring of weak Jacobi forms of even weight and integer index is a polynomial algebra over C [G 4 , G 6 ] with two generators φ −2,1 , φ 0,1 of respectively weight −2, 0 and index 1 [EZ] . The generator φ −2,1 has Fourier expansion φ −2,1 (q, y) = (y
The elliptic genus of an even d-dimensional Calabi-Yau manifold is a weak Jacobi form of weight 0 and index , KM] . Specifically for a K3 surface Ell(K3) = 2φ 0,1 (q, y).
Borcherds type lift. For a meromorphic function f : H × C → C, where H denotes the upper half plane, and with Fourier expansion
we define its Borcherds type lift by
where a ∈ Z and V l are the Hecke operators in [EZ, Sect. I.4] . We set L(f ) := L 1 (f ). We will also encounter Borcherds type lifts of
We use the same definitions when y can have half-integer powers. A result by V. Gritsenko and V. Nikulin [GN] based on the Borcherds lifting procedure [Bor] expresses χ 10 as an infinite product
where
is the discriminant modular form. A celebrated formula from string theory by R. Dijkgraaf, G. Moore, E. Verlinde, and H. Verlinde [DMVV] expresses the generating function for elliptic genera of Hilbert schemes K3
[n] of n points on a K3 surface as follows
.
This was proved in mathematics by L. Borisov and A. Libgober [BL2, BL3] . In fact, they showed that the formula holds with K3 replaced by any smooth projective surface. By (2), this can be expressed as
Quasi-Jacobi forms. As mentioned above, elliptic genera of Calabi-Yau varieties are weak Jacobi forms (we only discussed the even-dimensional case). Libgober [Lib] shows that the Calabi-Yau condition can be dropped as long as we relax the modularity property too. More precisely, elliptic genera of d-dimensional complex manifolds span a specific subspace in the ring of so-called quasi-Jacobi forms. In our first conjecture, we encounter lifts of quasi-and weak Jacobi forms build from the following Jacobi-Eisenstein series:
Here G 1,0 , G 2,0 are quasi-Jacobi forms of respectively weight 1, 2 and index 0. Moreover G 2,0 − 2G 2 , G k,0 for k > 2 are weak Jacobi forms of respectively weight 2, k and index 0. These functions can all be expressed in terms of the Weierstrass elliptic function
By [EZ, Thm. 3.6, 9 .3], the weak Jacobi form φ 0,1 can be written as
In a similar way we define φ 0,
where x 1 , . . . , x d denote the Chern roots of T X . The coefficients of v I appearing in this expression are symmetric in the Chern roots. From this it follows that the class [X] is uniquely determined by its collection of Chern numbers.
The cobordism class of the Hilbert scheme S [n] of n points on a smooth projective surface S was studied by the first author, G. Ellingsrud, and M. Lehn [EGL] . It was shown that there exist two universal functions
for any surface S. Therefore F 2 0 is the generating series of cobordism classes of K3 [n] . When M is a projective scheme with a perfect obstruction theory, J. Shen [She] constructed its virtual cobordism class [M] vir Ω * ∈ Ω vd (M), where vd = vd(M) is the virtual dimension (see also [CFK] and [LS] in the context of dg-manifolds/derived schemes). Denoting projection by π : M → pt, Shen proved that
vir Ω * is uniquely determined by its collection of virtual Chern numbers. In terms of the basis v I , this can be expressed as follows. Let T vir = [E 0 → E 1 ] be a resolution by vector bundles and denote the Chern roots of E 0 by x 1 , . . . , x n and the Chern roots of E 1 by u 1 , . . . , u m . Then
] with the following property. Let S be a smooth projective surface with b 1 (S) = 0, p g (S) > 0, and Seiberg-Witten basic classes 0 and K S = 0. Let H, c 1 , c 2 be chosen such that there are no rank 2 strictly Gieseker H-semistable sheaves with Chern classes c 1 , c 2 . Then for
Remark 1.3. Using the virtual Hirzebruch-Riemann-Roch theorem of [CFK, FG] , the elliptic genera Ell vir (M) in Conjecture 1.1 can be expressed in terms of q, y and virtual Chern numbers of M. In particular, Conjecture 1.2 implies Conjecture 1.1 except for the explicit expression for the power series which is raised to the power K 2 S . Specializing Ell vir (M) to q = 0 gives the virtual χ y -genus χ vir y (M). We conjectured an explicit formula for these virtual χ y -genera in [GK1] , which is implied by Conjecture 1.1.
3 Specializing further to y = 1 gives the virtual Euler characteristics e vir (M). The formula for these virtual Euler characteristics coincides with part of a formula of C. Vafa and E. Witten from the physics literature [VW] . Their formula was one of the main motivations for [GK1] . The full Vafa-Witten formula is (conjecturally) explained by Y. Tanaka and R. P. Thomas's recently introduced Vafa-Witten invariants, which contain the virtual Euler characteristics that we computed in [GK1] as well as contributions from "other components with non-zero Higgs field". Remark 1.4. In physics language [HIV] , the generating function for e vir (M) describes a topological twist of N = 4 supersymmetric Yang-Mills on the 4-manifold S. Moreover, χ vir y (M) describes a 5-dimensional theory on S × S 1 compactified along the circle S 1 , Ell vir (M) describes a 6-dimensional theory on S × T compactified along the real torus T , and π * [M] vir Ω * appears to describe a new infinite-dimensional version of these theories. In this paper we verify Conjectures 1.1 and 1.2 in a large number of examples by computer calculations (Section 8). Our strategy is similar to the one followed in [GK1] for virtual χ y -genus, which in turn relies on ideas from [GNY1, GNY3] . Specifically:
vir Ω * in terms of descendent Donaldson invariants of S using a theorem of J. Shen [She] .
• Write descendent Donaldson invariants of S in terms of Seiberg-Witten invariants and certain explicit integrals over
• Use a universality argument to show that the integrals over
are governed by seven universal functions.
• Note that these seven universal functions are determined on S = P 2 and P 1 × P 1 , where we calculate them up to some order.
In Section 7 we generalize Conjectures 1.1 and 1.2 in two different directions:
• Conjecture 7.1 can be seen as a statement purely about intersection numbers on Hilbert schemes of points. Together with a strong version of Mochizuki's formula, it implies Conjectures 1.1 and 1.2. It also implies a generalization of Conjectures 1.1 and 1.2 to arbitrary blow-ups of surfaces with b 1 (S) = 0, p g (S) > 0, and Seiberg-Witten basic classes 0, K S = 0.
• Conjecture 7.6 is a generalization of Conjectures 1.1 and 1.2 to arbitrary surfaces S satisfying b 1 (S) = 0 and p g (S) > 0. It implies a blow-up formula. It also implies a formula for surfaces with canonical divisor with irreducible reduced connected components. The latter refines an equation from Vafa-Witten [VW, Eqn. (5.45) ]. Conjecture 7.6 itself can be seen as a refinement of (part of) a formula from the physics literature due to Dijkgraaf-Park-Schroers [DPS, Eqn. (6.1), lines 2+3]. Conjectures 7.1 and 7.6 are also checked in examples in Section 8.
The physics approach to the calculation of elliptic genera of instanton moduli spaces was discussed in N. Nekrasov's PhD thesis [Nek] and the papers [LNS, BLN] .
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Notation
Throughout this paper, we deal with virtual cobordism classes and virtual elliptic genera simultaneously. Therefore we introduce the following notation. Using the functions appearing in Conjectures 1.1 and 1.2 we define
We also define
This notation allows us to consider both cases
Expression in terms of Donaldson invariants
We fix a smooth projective surface S with b 1 (S) = 0 polarization H. Denote by M := M H S (r, c 1 , c 2 ) the moduli space of rank r Gieseker H-stable torsion free sheaves on S with Chern classes c 1 , c 2 . We assume there are no rank r strictly Gieseker H-semistable sheaves with Chern classes c 1 , c 2 , so M H S (r, c 1 , c 2 ) is projective. We also assume there exists a universal sheaf E on M ×S (though we get rid of this assumption later in Remark 4.2). In this section, we use a result of Shen [She] to show that
can be written in terms of descendent Donaldson invariants.
We first recall descendent insertions. Let σ ∈ H * (S, Q) and α ≥ 0, then
We refer to τ α (σ) as a descendent insertion of degree α. The insertions τ 0 (σ) are called primary insertions. Donaldson invariants with primary insertions feature in the Witten conjecture, which is proved for algebraic surfaces in [GNY3] . In this paper and [GK1] we need higher descendents.
We introduce some further notation. For X a projective C-scheme and E a rank r vector bundle on X with Chern roots x 1 , . . . , x r , we define
, we extend this definition to the entire K-group. Furthermore we introduce
where E(·) was defined in (1). The following multiplicative property plays an important role in Section 5
for all E 1 , E 2 ∈ K 0 (X) and ⋆ ∈ {cob, ell}. Here we use the notation of Section 2. For ⋆ = cob the multiplicative property is obvious and for ⋆ = ell, we use
In [GK1] we introduced a similar expression, denoted by T y (E, t), to deal with virtual χ y -genus and virtual Euler characteristic. The object T y (E, t) also satisfies (5).
Proposition 3.1. Let S, H, r, c 1 , c 2 and M := M H S (r, c 1 , c 2 ) be as above. For both ⋆ ∈ {cob, ell}, there exists a formal power series expression P ⋆ (E, u ⋆ ) in variables u ⋆ whose coefficients are polynomial expressions in certain descendent insertions τ α (σ) satisfying
Proof. By the virtual Hirzebruch-Riemann-Roch formula [CFK, FG] Ell
We can expand the integrand in q n y m and write each coefficient as a polynomial ex-
vir Ω * involves all virtual Chern numbers, the existence of P ell (E, q, y) follows from the existence of P cob (E, v). The existence of the polynomial P cob (E, v) was proved by Shen [She, Thm. 0.2] . 
Expression in terms of Hilbert schemes
We consider M H S (2, c 1 , c 2 ) as in the previous section. Proposition 3.1 expresses virtual cobordism class and virtual elliptic genus in terms of descendent Donaldson invariants. We now recall Mochizuki's formula [Moc] , which allows us to write descendent Donaldson invariants in terms of certain integrals over Hilbert schemes of points on S and Seiberg-Witten invariants of S.
Seiberg-Witten invariants. Denote by SW(a) the Seiberg-Witten invariant of S in class a ∈ H 2 (S, Z). 5 A class a ∈ H 2 (S, Z) is called a SW basic class when SW(a) = 0.
Integrals over S
. We denote the Hilbert scheme of n points on S by S [n] . For any L ∈ Pic(S), we write L
[n] for the tautological vector bundle on
On the product
we have the pull-backs of the universal ideal sheaves
× S, which we denote by the same symbol. We consider
as being equipped with a trivial C * -action. We denote the generator of the character group of C * by s. Correspondingly, we write s for the generator of
. Let P (E) be any polynomial in descendent insertions τ α (σ), which arises from a polynomial in Chern numbers of T vir (e.g. such as in Prop. 3.1). Denote the group of Weil divisors on S modulo linear equivalence by A 1 (S). For any a 1 , a 2 ∈ A 1 (S) and n 1 , n 2 ∈ Z ≥0 , we define (after Mochizuki) (6) Ψ(a 1 , a 2 , n 1 , n 2 ) := Coeff s 0
We explain the notation. Here Eu(·) denotes C * -equivariant Euler class and Coeff s 0 (·) takes the coefficient of s 0 . 6 The notation I i (a i ) is short-hand for
where π :
denotes projection. Finally, P (·) is the expression obtained from P (E) by formally replacing E by ·. We define Ψ(a 1 , a 2 , n 1 , n 2 , s) by expression (6) but without Coeff s 0 (·). Let c 1 , c 2 be a choice of Chern classes. For any decomposition c 1 = a 1 + a 2 , Mochizuki defines (7) A(a 1 , a 2 , c 2 ) :=
Ψ(a 1 , a 2 , n 1 , n 2 ). We denote by A(a 1 , a 2 , c 2 , s) the same expression with Ψ replaced by Ψ.
Mochizuki's formula. With these ingredients, Mochizuki's formula is the following: Theorem 4.1 (Mochizuki) . Let S be a smooth projective surface with b 1 (S) = 0 and p g (S) > 0. Let H, c 1 , c 2 be chosen such that there exist no rank 2 strictly Gieseker Hsemistable sheaves with Chern classes c 1 , c 2 . Suppose the universal sheaf E exists on M H S (2, c 1 , c 2 ) × S. Suppose the following conditions hold:
(i) χ(ch) > 0, where χ(ch) := S ch ·td(S) and ch = (2, c 1 ,
where p ch and p K S are the reduced Hilbert polynomials of ch and K S .
(iii) For all SW basic classes a 1 with a 1 H ≤ (c 1 − a 1 )H the inequality is strict. Let P (E) be any polynomial in descendent insertions, which arises from a polynomial in Chern numbers of T vir (e.g. such as in Prop. 3.1). Then
Remark 4.2. The assumption that E exists on M × S, where M := M H S (2, c 1 , c 2 ) is not needed. As remarked in the introduction, T vir = −Rπ * RHom(E, E) 0 always exists globally so the left-hand side of Mochizuki's formula always makes sense. Also, Mochizuki [Moc] works over the Deligne-Mumford stack of oriented sheaves, which always has a universal sheaf. This can be used to show that global existence of E on M × S can be dropped from the assumptions. In fact, when working on the stack, P can be any polynomial in descendent insertions defined using the universal sheaf on the stack. Remark 4.3. The first author, Nakajima, and K. Yoshioka conjecture in [GNY3] that assumptions (ii) and (iii) can be dropped from Theorem 4.1. They also conjecture that the sum in Mochizuki's formula can be replaced by a sum over all classes a 1 ∈ H 2 (S, Z). Assumption (i) is necessary as we see from our calculations in Section 8.
From Proposition 3.1 and Theorem 4.1 we deduce that
vir Ω * , Ell vir (M H S (2, c 1 , c 2 )) are given by equation (8) by taking respectively ⋆ = cob, ell and
where E is replaced by
Here we note that the rank of
equals the rank of T vir .
Expression in terms of universal functions
Let S be any smooth projective surface. We are interested in expression (7) with P (E) given by (9). It is convenient to work with generating functions starting with constant term 1. We first address this normalization, for which we need the following result of Prop. 3 .1]. For a vector bundle E on S with Chern roots x 1 , . . . , x r , the following equality holds
, where θ 1 (q, y) denotes the following Jacobi theta function
Definition 5.1. Define the following functions
For any a ∈ A 1 (S) we abbreviate χ(a) := χ(O(a)). For any ⋆ ∈ {cob, ell}, a 1 , c 1 ∈ A 1 (S), we define
where Ψ was defined in the previous section and we take P (E) = P ⋆ (E, u ⋆ ) as in (9). The coefficient in front has been chosen such that
⋆ ) be the C * -equivariant version of (3) and (4). The proof is almost verbatim the same as [GK1, Prop. 3.3] , which in turn makes use of [GNY1, Lem 5.5] and [EGL] . The only replacement needed is the following. In loc. cit. we used that T 
For ⋆ ∈ {cob, ell} and any α = (α 1 , α 2 , α 3 , α 4 , α 5 , α 6 , α 7 ) ∈ Z 7 we define
Proposition 3.1, Theorem 4.1, and Proposition 5.2 at once imply the following result.
Corollary 5.3. Suppose S satisfies b 1 (S) = 0 and p g (S) > 0. Let H, c 1 , c 2 be chosen such that there exist no rank 2 strictly Gieseker H-semistable sheaves with Chern classes c 1 , c 2 . Assume furthermore that:
(iii) For all SW basic classes a 1 satisfying a 1 H ≤ (c 1 − a 1 )H the inequality is strict. Then
Remark 5.4. Following Remark 4.3, we conjecture that this corollary holds without assuming (ii) and (iii) and with the sum replaced by the sum over all a 1 ∈ H 2 (S, Z). We refer to this as "the strong form of Mochizuki's formula".
Expression in terms of combinatorics
Consider the following seven choices
Here χ(m) : T → C * denotes the character of weight m ∈ Z 2 . Consider the integrals over
where C * denotes the trivial torus factor of Section 3. The T -fixed locus of
can be indexed by pairs (λ, µ) with
Here |λ| = ℓ i=1 λ i denotes the size of partition λ = (λ 1 ≥ · · · ≥ λ ℓ ). A partition λ corresponds to a monomial ideal of C[x, y] as follows
For a partition λ (σ) we denote the subscheme defined by the corresponding monomial ideal in variables x σ , y σ by Z λ (σ) .
Let a 1 , c 1 ∈ A 1 (S). In order to apply localization, we make a choice of T -equivariant structure on the line bundles O(a 1 ), O(c 1 − a 1 ). For any T -equivariant divisor a, the restriction O(a)| Uσ is trivial with T -equivariant structure determined by some character of weight a σ ∈ Z 2 . Consider the following element of
Applying Atiyah-Bott localization, we see that the integral in Definition 5.1 is given by
where Eu(·) denotes T -equivariant Euler class, T Z denotes the C * 2 -representation of the tangent space of the Hilbert scheme at Z ⊂ C 2 , T ⋆ T is the T -equivariant version of (3) and (4), and the sum is over all (λ, µ) satisfying (11). The calculation is now reduced to the computation of the following elements of the
for certain T -equivariant divisors a. The first one is straight-forward
Multiplying by χ(a σ ) gives
for any m ∈ Z 2 . This defines an involution on K T 0 (pt) by Z-linear extension. Using a 2-dimensional version of aČech calculation in [MNOP] , one can show the following (see [GK1, Prop. 4 .1] for the proof).
Proposition 6.1. Let W, Z ⊂ S be 0-dimensional T -invariant subschemes supported on a chart U σ ⊂ S and let a be a T -equivariant divisor on S with weight a σ ∈ Z 2 on U σ . Then we have the following equality in
This reduces the calculation of (12) to combinatorics, which we implemented in a PARI/GP program. We computed A 
Further conjectures and consequences
In this section we introduce two further conjectures:
• Conjecture 7.1 is a statement about intersection numbers on Hilbert schemes of points. Together with the strong form of Mochizuki's formula it implies Conjectures 1.1 and 1.2. It also implies a generalization of Conjectures 1.1 and 1.2 to arbitrary blow-ups of surfaces with Seiberg-Witten basic classes 0, K S = 0.
• Conjecture 7.6 generalizes Conjectures 1.1 and 1.2 to arbitrary surfaces S with b 1 (S) = 0 and p g (S) > 0. This conjecture is a refinement of (part of) a formula from the physics literature due to Dijkgraaf-Park-Schroers [DPS, Eqn. (6.1), lines 2+3] . Conjecture 7.6 implies a blow-up formula (Proposition 7.8). This can be seen as a (partial!) refinement of the blow-up formula of W.-P. Li and Z. Qin [LQ1, LQ2] . Conjecture 7.6 also implies a formula for surfaces S with b 1 (S) = 0 and canonical divisor with irreducible reduced connected components (Proposition 7.9 ). This refines a formula from physics due to Eqn. (5.45) ].
In this section we encounter the ratio
) (−p,q,y) .
All results of this section are immediate analogs of corresponding results in [GK1, Sect. 6 ]. Therefore we can give references to [GK1] for the proofs.
7.1. Numerical conjecture. The following conjecture generalizes [GK1, Conj. 6 .1].
Conjecture 7.1. Let ⋆ ∈ {cob, ell}. Let β ∈ Z 4 be such that β 1 ≡ β 2 mod 2 and β 3 ≥ β 4 − 3, and let (γ 1 , γ 2 ) ∈ Z 2 . Then for all n <
We check this conjecture in various cases in Section 8. The first application of this conjecture is the following proposition proved exactly like [GK1, Prop. 6.3] Proposition 7.2. Assume the strong form of Mochizuki's formula (Remark 5.4). Conjecture 7.1 for ⋆ = cob implies Conjecture 1.2. Conjecture 7.1 for ⋆ = ell implies Conjecture 1.1.
7.2.
Fixed first Chern class. Let S be a smooth projective surface with b 1 (S) = 0 and polarization H. Let c 1 be chosen such that there exist no rank 2 Gieseker H-semistable sheaves with first Chern class c 1 . We consider the generating functions
The following two propositions have short proofs [GK1, Prop. 6.4, 6.5] . Set i := √ −1.
Proposition 7.3. Let ⋆ ∈ {cob, ell} and assume Conjecture 7.1 is true for ⋆. Let β ∈ Z 4 such that β 1 ≡ β 2 mod 2 and β 3 ≥ β 4 − 3, and let (γ 1 , γ 2 ) ∈ Z 2 . Then
Remark 7.7. A simple computation shows that this conjecture implies both Propositions 7.4 (without assuming Conjectures 1.1, 1.2) and 7.5 (without assuming Conjecture 7.1 and without assuming χ(O S ) ≥ K 2 S − 3). In fact, this conjecture implies both Conjectures 1.1 and 1.2.
The first application of Conjecture 7.6 is the following blow-up formula, which is proved in the same way as [GK1, Prop. 6.9 ].
Proposition 7.8. Let ⋆ ∈ {cob, ell}. Assume Conjecture 7.6 holds for ⋆. Let π : S → S be the blow-up in a point of a smooth projective surface S with b 1 (S) = 0, p g (S) > 0. Suppose H, c 1 are chosen such that there are no rank 2 strictly Gieseker H-semistable sheaves with first Chern class c 1 . Let c 1 = π * c 1 − ǫE with ǫ = 0, 1 and suppose H is a polarization on S such that there are no rank 2 strictly Gieseker H-semistable sheaves
Verification of the conjectures in examples
In this section we use Corollary 5.3 in order to verify Conjectures 1.1, 1.2, 7.1, 7.6 in a number of examples. In Section 6 we mentioned that we have determined the universal functions A Using the methods of [EGL] we have determined the cobordism class of K3 [n] for n ≤ 7. This determines
We use this in the verifications of the conjectures for Z cob S,c 1 (p, v). Assuming Conjecture 1.2 in a special case, see Remark 8.1, we determine
We use this as our definition of L(p, v) in our verifications of the conjectures for Z cob S,c 1 (p, v).
8.1. K3 surfaces and their blow-ups. For a K3 surface S the only Seiberg-Witten basic class is 0. Let H, c 1 be chosen such that c 1 H > 0 is odd. We put c := c 2 1 ∈ 2Z. For 2 ≤ c ≤ 14 even and ⋆ = cob, ell, we determined
The orders of u ⋆ are determined by the orders up to which we calculated A ⋆ i as mentioned at the beginning of this section. We suppress these orders throughout this section. Conjecture 7.6 is confirmed in this range.
For S, H, c 1 as above, let π : S → S be the blow-up of S in a point and denote the exceptional divisor by E. Let c 1 = π * c 1 + ǫE, and H = rH − E with r ≫ 0 and r + ǫ odd. For ⋆ = cob, ell, ǫ = 0, 1, and 2 ≤ c ≤ 14 even, we determined
Conjectures 1.1 and 1.2 are verified in this range.
Remark 8.1.
(1) Let S be the blow-up of an elliptic K3 surface with section and 24 nodal singular fibres (and no further singular fibres). Denote the (pull-back of) a section and fibre class on K3 by B, F respectively. As before we denote the exceptional divisor by E. Assume Conjecture 1.2 is true for S, H, and c 1 = B, B+F, B+E, B+F +E. Then 8.2. Elliptic surfaces. Let S → P 1 be an elliptic surface with a section B, 12n rational nodal fibres, and no other singular fibres. We take n ≥ 2. The canonical class is K S = (n − 2)F , where F denotes the class of a fibre. Then χ(O S ) = n and B 2 = −n. For polarizations H such that c 1 H > 2K S H is odd, we determined Z ⋆ S,ǫB+dF (p, u ⋆ ) mod p min{28−c 2 1 −3n,5n+c 2 1 −2ǫ(n−2)} , for all n = 3, . . . , 6, ǫ = 0, 1, d = 0, . . . , 8, and ⋆ = cob, ell. This allows us to verify Conjecture 7.6 in this range.
8.3. Double covers. We consider double covers π : S → P 2 branched along a smooth curve of degree 8. Then K 2 S = 2, χ(O S ) = 4 and we note that |K S | contains smooth connected curves. Hence the Seiberg-Witten basic classes are 0, K S with Seiberg-Witten invariants SW(0) = 1, SW(K S ) = (−1) χ(O S ) = 1. In this section we assume that the strong form of Mochizuki's formula holds (Remark 5.4).
We denote by L the pullback of the hyperplane class on P 2 . We assume for simplicity that Pic(S) = ZL and take polarization H = L. Then there are no rank 2 strictly µ-semistable sheaves with first Chern class c 1 = L. For both ⋆ = cob, ell, we determined where "odd" means that we only sum over c 2 odd, so that there are no rank 2 strictly Gieseker semistable sheaves with Chern classes c 1 = 2L and c 2 . We verified Conjectures 1.1 and 1.2 in this range. In particular, for M = M L S (2, L, 4) we find c vir 1 (M) 2 = 48, c vir 2 (M) = 120. Next we consider double covers of π : S → P 1 × P 1 branched along a smooth curve of bidegree (6, 6) and (6, 8) . Denote the pull-backs of the classes of P8.5. Verification of Conjecture 7.1. For both ⋆ ∈ {cob, ell}, we checked Conjecture 7.1 modulo mod p min 2β 1 −2β 2 +8β 4 ,28−4γ 1 +4γ 2 ,28+4β 2 −4β 3 +4γ 1 −4γ 2 −β 1 −3β 4 and for γ 1 = 0, . . . , 4, γ 2 = 0, . . . , 4, β 1 = β 2 = 4, . . . , 10, β 3 = 2, . . . , 5, β 4 = 2, . . . , 5. The above bounds come from: (1) the bound mod p β 1 −2β 2 +5β 4 which is part of the statement of Conjecture 7.1 and (2) the order to which we calculated A ⋆ i as stated at the beginning of this section (see also (10) with n 1 + n 2 ≤ 6. As throughout this section, for ⋆ = cob we used the specialization v i = 0 for i ≥ 6.
